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Abstract 

Some Caputo q-fractional difference equations are solved. The solu- 
tions are expressed by means of a new introduced generalized type of 
q-Mittag-Leffler functions. The method of successive approximation is 
used to obtain the solutions. The obtained q-version of Mittag-LefHer 
function is thought as the q-analogue of the one introduced previously 
by Kilbas and Saigo. 
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1 Introduction and Preliminaries 

The concept of fractional calculus is not new. However, it has gained its pop- 
ularity and importance during the last three decades or so. This is due to its 
distinguished applications in numerous diverse fields of science and engineer- 
ing ([12], [13, [13 )• The q-calculus is also not of recent appearance. It was 
initiated in twenties of the last century.For the basic concepts in q- calculus we 
refer the reader to [5]. Starting from the q-analogue of Cauchy formula [13], 
Al-Salam started the fitting of the concept of q-fractional calculus. After that 
he ([H], [11]) and Agarwal R. [10] continued on by studying certain q-fractional 
integrals and derivatives, where they proved the semigroup properties for left 
and right (Riemann)type fractional integrals but without variable lower limit 
and variable upper limit, respectively. Recently, the authors in [14) general- 
ized the notion of the (left)fractional q-integral and q-derivative by introducing 
variable lower limit and proved the semigroup properties. 

Very recently and after the appearance of time scale calculus (see for exam- 
ple [Z]), some authors started to pay attention and apply the techniques of time 
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scale to discrete fractional calculus ( [1] , [S] , [5] , [2]) benefitting from the results 
announced before in [8] . All of these results are mainly about fractional calcu- 
lus on the time scales Tq = {g" : n £ Z} U {0} and hT, [3]. As a contribution in 
this direction and being motivated by all above, in this article we introduce the 
q-analogue of a generalized type Mittag-LefHer function used before by Kilbas 
and Saigo in [TH] . Such functions are obtained by solving linear q-Caputo initial 
value problems. The results obtained in this article generalize also the results 



For the theory of q-calculus we refer the reader to the survey [S] and for the 
basic definitions and results for the q- fractional calculus we refer to [5]. Here 
we shall summarize some of those basics. 

For < q < 1, let Tq be the time scale 



where Z is the set of integers. More generally, if a is a nonnegative real number 
then we define the time scale 



of n. 



Tq = {q" : n e Z} U {0}. 




n+cn . 



: n e Z}U {0}, 



we write T° =Tq. 

For a function / : Tg — R, the nabla q-derivative of / is given by 




(1) 



The nabla q-integral of / is given by 





and for < a e 




On the other hand 




oo 




and for < 6 < cxd in 
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By the fundamental theorem in q-calculus we have 

V, / /(s)V,s = fit) (5) 
Jo 

and if / is continuous at 0, then 

rV,/(s)V,,s = /(i)-/(0) (6) 
Also the following identity will be helpful 

V, / /(t,s)V,s= / VJ{t,s)VgS + fiqt,t) (7) 

J a J a 

Similarly the following identity will be useful as well 

Vj f{t,s)V,s^ \/J{t,s)\/qS-f{t,t) (8) 
Jt J qt 

The q-derivative in ([7]) and (|S]) is applied with respect to t. 

From the theory of q-calculus and the theory of time scale more generally, 
the following product rule is valid 

V,{f{t)g{t)) = f{qt)^q9{t) + VJit)g{t) (9) 
The q-factorial function for n £ N is defined by 

n-l 

it-^rq-W^t-i's) (10) 

4=0 

When a is a non positive integer, the q-factorial function is defined by 

oo -J si 

(^t-sr = eY\ — ^-1^ (11) 

We summarize some of the properties of q-factorial functions, which can be 
found mainly in [Bl, in the following lemma 

Lemma 1. {i){t - s)^+i = (t ~ s)^{t - /s)] 
(ii){at-as)^ ^a^^it-s)^ 

(in) The nabla q-derivative of the q-factorial function with respect to t is 



(iv)The nabla q-derivative of the q-factorial function with respect to s is 



where a,^,f3 £ K. 
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Definition 2. [T] Let a > 0. If a ^ N , then the a— order Caputo (left) 
q-fractional derivative of a function / is defined by 

,C:f{t) ^ V;7(t) = - qs)--^-'V-f{s)V,s (12) 

where n — [a] + 1. 

If a e N, then ,C„"/(i) ^ V^/(0 

It is clear that qC" maps functions defined on Tq to functions defined on 
Tg, and that t,C^ maps functions defined on T^^"" to functions defined on Tq 

The following identity which is useful to transform Caputo q-fractional dif- 
ference equations into q-fractional integrals, will be our key in solving the 
q-fractional linear type equation by using successive approximation. 

Proposition 3. [V Assume a > and / is defined in suitable domains. 
Then 

qi: qc:fit) = fit) F7i-rfT^'/(«) (13) 

and if < a < 1 then 

,Ia fit) = fit) - fia) (14) 
The following identity T^j is essential to solve linear q-fractional equations 

qi:ix ~ a)^q = ^,i(^±iL_(x - a)^+" iO <a<x<b) (15) 

where a £ K+ and fj, G (— l,oo). The q-analogue of Mittag-Leffier function 
with double index (a,/3) is introduced in pj. It was defined as follows: 

Definition 4. fT| For z,zo e C and 9^(a) > 0, the q-Mittag-Lefiler 
function is defined by 

,iJ<.,,(A..-.o) = gA'lj^. (16) 

When j3 ~ 1 we simply use qEaiX, z — zq) :— qEa,iiX, z — zq). 

2 Main Results 

The following is to be the q-analogue of the generalized Mittag-Leffler function 
introduced by Kilbas and Saigo (see also [T7] page 48). 
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Definition 5. For a, A G C are complex numbers and m G R such that 
9\{a) > 0, m > 0, a > and a{jm + I) ^ — 1, — 2, — 3, , the generahzed 
q-Mittag-Leffler function (of order 0) is defined by 



where 



akm 
1 

k=l 



k-1 



TT r,[Q(jm + /) + !] , _ . 2 S 



J=0 



While the the generalized q-Mittag-Leffler function (of order r), r — 0,1, 2, 3, ... 
is defined by 



fe=i 



Note that qE^^„^ i{X,x ~ a) = qEa.yn,i{\,x - a). 

Remark 6. In particular, if m = 1, then the generalized q-Mittag-LeSer 
function is reduced to the q-Mittag-LefHer function, apart from a constant 
factor Tq{al -1-1). Namely, 

qEa,lj{\,X - a) = Tq{al + 1) qEa,al+l{\x - O) (17) 

This turns to he the q-analogue of the identity Ea^ij{z) = T{al+l)Ea^ai+iiz) 
(see fT^ ) page 48). 

Example 7. Consider the q-Caputo difference equation 

{qC2y){x) = X(.x - af^yiq-f^x), y{a) = h (18) 

where 

< a < 1, 13 > -a, A e R, & e R. 
^PPfyjiig' Proposition O we have 

y(a;) = y(a) + A,4"[(a;-a)^y(g-^x)]. 
The method of successive applications implies that 

ym{x) = y{a) + Xgl^Kx - a)^ym-i{q~^x)], m = 1,2,3,..., 
where yo{x) — b. Then by the help of we have 

y^{x)^b + h\ /f'^^l {x^afq^'^, 
Tq{l3 + a + l) ^ 
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and 

Lq[P + a + l) 



Then by (i) and (ii) of Lemma [I] 

r,(/3 + a + l) 



Again by ifT5|) we conclude 

y,{x) = b + bX ,I-^[{x + X-^j^^±^q-^('^+^\x - a)f +"] 

^ rg(/:^ + Q! + i) ^ 

Theii teads to 

J/2 (a;) = 

b[l + X ^^^^ + '\ ix - a)l^- + A V'^fof^"tlV '''"'"'^(" - 
r^/3 + a + l) r5(2/3 + 2a + l) 

(1 

Proceeding inductively, for each m = 1, 2, .. we obtain 



yUx) = b[l + J2 A'g-''^("+^)c,(x - a)J("+'')] (20) 

k=l 

where 

1 g[Q!(jTO + < + Ij + IJ a a 

If we let TO — > cxD, then we obtain the solution 

00 

fc=i 

which is exactly 

y{x) = b 1 (A, x-a). 

Remark 8. i jJf in (fT5)) /3 = 0, then in accordance with HTfl and Example 
10 in [IJ we iiave 

g-EQ,l,o(A,X - a) = qEa,l{X,X - a) ^ qEa{X,X-a) 

2) The solution of the q-Cauchy problem 

{gCjy){x) = Xix - afgy{q-^x), y{a) = b (21) 



where 

< a < 1, /3 > --, A e M, beR 

is given by 

y{x) = b q£^i ,1+2/3,2/3 ^ - a)- 
3) By the help of (T^) and Lemma[I]and by applying the successive approx- 
imation with yo{x) — J2k=o r*(fc'+i) ^gfi^)' Example\^can be generahzed for 
arbitrary a > 0. Namely, the solution of the q-initial value problem 

{,C2y){x)=\{x-a)ly{q-Px), y^'^^a) = bk G R, fc = 0, 1, n - 1) (22) 
where 

n - 1 < a < n, /3> -a, A G R, & G R 

is given by 

n — 1 ^ 

r=0 ^9^-^ + -^'' ' ^' ^ 

Note that when < a < 1, i.e, n = 1, the solution of Example\^is recovered. 
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